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Recent scattering-type scanning near-field optical spectroscopy (s-SNOM) experiments on single-
layer graphene have reported Dirac plasmon lifetimes that are substantially shorter than the dc
transport scattering time τtr. We highlight that the plasmon lifetime is fundamentally different
from τtr since it is controlled by the imaginary part of the current-current linear response function
at finite momentum and frequency. We first present the minimal theory of the extrinsic lifetime
of Dirac plasmons due to scattering against impurities. We then show that a very reasonable
concentration of charged impurities yields a plasmon damping rate which is in good agreement with
s-SNOM experimental results.
PACS numbers: 73.20.Mf,71.45.Gm,78.67.Wj
Introduction.—Graphene plasmonics1,2 is a rapidly
growing branch of research which aims at exploiting the
interaction of infrared light with the so-called “Dirac
plasmons” (DPs)3–6 for a variety of applications rang-
ing from photodetectors7,8 to biosensors9. DPs, the
self-sustained density oscillations of the two-dimensional
(2D) electron liquid in a doped graphene sheet10,11, have
been studied experimentally by a variety of spectroscopic
methods2.
Fei et al.12 and Chen et al.13 have carried out seminal
scattering-type scanning near-field optical microscopy (s-
SNOM) experiments in which DPs are launched and im-
aged in real space. They showed that the plasmon wave-
length λp can be ∼ 40-60 times smaller than the illu-
mination wavelength, allowing an extreme concentration
of electromagnetic energy, and that DP properties are
easily gate tunable. They have also presented an exper-
imental analysis of DP losses. By comparing theory to
experimental data, Fei et al.12 have reported a DP damp-
ing rate γp ' 0.08 (subtracting here the damping due to
the complex dielectric constant of the substrate), which
is four times larger than that estimated by means of the
Drude transport time of their samples. Similarly, Chen
et al.13 showed that theoretical calculations of the local
density of optical states compare well with measurements
when rather low values, ∼ 1200 cm2/(Vs), of the sample
mobility are used as inputs in the numerics.
The plasmon damping rate (or inverse quality factor),
which is a key figure of merit of nanoplasmonics, is de-
fined as14
γp(q) ≡ 2Γp(q)
ωp(q)
, (1)
where ωp(q) is the DP dispersion
3–6 and Γp(q) is its
linewidth15. The factor two on the right-hand side of
Eq. (1) has been deliberately added to make direct con-
tact with the results of Ref. 12. The DP damping rate
is controlled by several mechanisms, such as electron-
electron (e-e), electron-phonon (e-phon), and electron-
impurity (e-imp) scattering. The rates associated to the
first two scattering mechanism have been theoretically
studied in Refs. 14 and 16, respectively. To the best of
our knowledge, the impact of e-imp scattering on the DP
lifetime has not yet been quantitatively analyzed. We
believe that this is because the plasmon lifetime associ-
ated with e-imp scattering is typically1,12,13 believed to
be close to the dc Drude transport time τtr. It is well
known17 that this is not the case and that the plasmon
lifetime τp(q) ≡ [2Γp(q)]−1 can be substantially smaller
than τtr.
A microscopic understanding of DP losses is central to
the success of graphene as a novel platform for nanoplas-
monics. As a step towards the elucidation of the mecha-
nisms that contribute to the DP damping rate, in this
Rapid Communication we present the simplest theory
of the DP plasmon damping rate due to e-imp scat-
tering. Although our theory is general, our numerical
calculations focus, for the sake of concreteness, on the
role of charged impurities. Long-range Coulomb disor-
der is indeed the most “popular”18 candidate for the
main scattering mechanism limiting mobility in graphene
sheets deposited on substrates like SiO2. Other impor-
tant sources of disorder, such as corrugations19 and reso-
nant scatterers20 can also affect the DP lifetime. In this
respect, we note that Yuan et al.21 have shown that even
a small amount of resonant scatterers such as lattice de-
fects or adsorbates can account for the observed22 back-
ground of optical absorption below the single-particle
threshold. A comparative study of the impact of var-
ious disorder models on the DP lifetime is beyond the
scope of the present work.
In this Rapid Communication we demonstrate that
neglecting the dependence of the “memory kernel”
1/τ(q, ω) on wavevector q and frequency ω—for exam-
ple by approximating τ(q, ω) with τtr—results in a severe
underestimation of disorder-induced DP losses. We find
that a very reasonable concentration of charged impu-
rities is enough to explain the experimental findings of
Refs. 12,13. Our results, in combination with those re-
ported in Ref. 14, strongly suggest that current s-SNOM
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2experiments12,13 are dominated by disorder. As sug-
gested in Ref. 14, the “intrinsic” regime where many-
body effects dominate DP losses can be reached in sus-
pended graphene sheets or in graphene flakes deposited
on hexagonal Boron Nitride.
Theoretical formulation.—DP losses are quantified by
the plasmon damping rate23 γp(q) = R
(
q, ωp(q)
)
, where
R(q, ω) ≡ <e[σ(q, ω)]=m[σ(q, ω)] , (2)
and ωp(q) =
√
2D0q/ is the long-wavelength plasmon
dispersion calculated at the level of the random phase
approximation (RPA)3. Here D0 = 4εFσuni/~ is the
Drude weight2 of non-interacting massless Dirac fermions
(MDFs), σuni = Nfe
2/(16~) is the universal conductiv-
ity2, and Nf = 4 is the number of fermion flavors in
graphene stemming from spin and valley degrees of free-
dom. We also introduced  = (air + sub)/2, i.e. the
average of the dielectric constants of the media above
(air = 1) and below (sub) the graphene flake. Finally,
εF = ~vFkF is the Fermi energy24, where kF =
√
4pin/Nf
is the Fermi wavevector. The Fermi velocity vF is ∼
106 m/s.
It is crucial to note that the relation between γp(q)
and the conductivity differs from that given in Ref. 12.
In deriving a similar relation, the authors of Ref. 12 have
neglected the dependence of the conductivity σ(q, ω) on
wavevector q. This quantity is related to the density-
density response function χnn(q, ω) by
15 σ(q, ω) =
ie2ωχnn(q, ω)/q
2. Below we calculate =m[χnn(q, ω)] at
finite q and ω to the lowest non-vanishing order (i.e. sec-
ond order) in the e-imp potential.
The homogeneous optical conductivity of non-
interacting MDFs in a doped graphene sheet is given by5
σc(q = 0, ω) = iD0[pi(ω + i0+)]−1. The previous result,
which expresses the intraband contribution to the long-
wavelength conductivity, is valid for ~ω < 2εF and in
the absence of disorder. Note that <e[σc(q = 0, ω)] has
a delta function peak (the so-called “Drude peak”) at
ω = 0, whose strength is given by D0.
In the presence of weak disorder and in the spirit
of the Drude transport theory, it is natural to define
a wavevector- and frequency-dependent scattering time
τ(q, ω) as follows15:
σ(q, ω) ≡ iD0/pi
ω + iτ−1(q, ω)
. (3)
This expression is valid in the limit of vFq  ω  2εF/~:
this is precisely the region of the (q, ω) plane where
the DP lives3. The function τ(q, ω) has been assumed
real. The usual dc Drude transport time is given by
τtr ≡ limω→0 τ(q = 0, ω). As expected, a finite trans-
port time broadens the zero-frequency Drude peak into
a Lorentzian. It is easy to prove that, in the weak scat-
tering limit ωτ(q, ω)  1, the DP lifetime is given by
τ
(
q, ωp(q)
)
and that R(q, ω) = [ωτ(q, ω)]−1. In the same
limit one gets15
1
τ(q, ω)
= −pie
2ω3
D0q2 =m[χnn(q, ω)] . (4)
In deriving Eq. (4) we have used that <e[χnn(q, ω)] →
D0q2/(pie2ω2) in the limit 1, vFqτ(q, ω)  ωτ(q, ω) 
2εFτ(q, ω)/~.
Following Ref. 14, we describe the electron system in
a doped graphene sheet in a tight-binding framework
which takes into account only the pi and pi? bands of
graphene. We neglect all the other bands. This approach
is sufficient to describe graphene at low energies and
eliminates spurious problems associated with the short-
distance physics of the MDF model5,25. We take the
low-energy MDF limit only after carrying out all the nec-
essary commutators and algebraic steps briefly sketched
in the following.
Our calculations of the role of e-imp scattering on
the DP lifetime are based on the following Hamiltonian:
Hˆ = Hˆ0 + Hˆei, where Hˆ0 is the aforementioned tight-
binding Hamiltonian (see Ref. 14 for more details). The
e-imp Hamiltonian reads Hˆei = A−1BZ
∑
q uqnˆqn
(i)
−q, where
q is restricted inside the first Brillouin zone and ABZ is
its area. Here nˆq is the electron density operator
14 and
n
(i)
q =
∑
Ri
eiq·Ri is the impurity density. The vector Ri
labels the random position of the i-th impurity. Finally,
uq is the discrete Fourier transform of the e-imp poten-
tial. We emphasize that e-e interactions, which, for the
sake of simplicity, have not been explicitly added to Hˆ,
play a twofold role: they enable the existence of plas-
mons15 and weaken the bare e-imp potential uq through
screening. Both effects are taken into account below at
the RPA level.
Elimination of the e-imp potential via a canonical
transformation.—We now calculate τ(q, ω) as defined in
Eq. (4) and in the presence of weak disorder. To this aim,
we evaluate χnn(q, ω) on the right-hand side of Eq. (4)
to second order in the strength of e-imp interactions.
Within the tight-binding model, the density operator nˆq
can be related to the longitudinal component of the cur-
rent density operator jˆq by the continuity equation (from
now on we set ~ = 1): i∂tnˆq = [Hˆ, nˆq] = −q · jˆq. The
continuity equation does not show any anomalous com-
mutator5,25 and allows us to express14,15 =m[χnn(q, ω)]
in terms of the imaginary part of the longitudinal current-
current response function χL(q, ω). In view of the low-
energy MDF limit and disorder average taken at the end
of the calculation (which restore isotropy), without any
lack of generality we can take q = qxˆ and arrive at the
desired result:
=m[χnn(q, ω)] = q
2
ω2
=m[χL(q, ω)] . (5)
Eq. (5) is the usual relation between density-density and
longitudinal current-current response functions, which
holds for an isotropic, rotationally-invariant electron liq-
uid.
3To proceed further, we adopt the same strategy de-
tailed in Ref. 14. We introduce a unitary transforma-
tion generated by an Hermitian operator Fˆ that can-
cels exactly the e-imp interaction from Hˆ, i.e. Hˆ′ =
eiFˆ Hˆe−iFˆ ≡ Hˆ0. This equation can be solved order
by order in perturbation theory, by expanding Fˆ =
1 + Fˆ1+ Fˆ2+ . . ., where 1 is the identity operator and Fˆn
denotes the n-th order term in powers of the strength of
e-imp interactions. We obtain a chain of equations con-
necting Fˆn to Hˆei. As an example, Fˆ1 solves the equality
[Hˆ0, iFˆ1] = Hˆei.
We then calculate the “rotated” current operator,
which can be expanded in powers of the e-imp inter-
action as q · jˆ′q = q · jˆq + q · jˆ1,q + q · jˆ2,q + . . .,
where jˆn,q is of n-th order in the e-imp potential uq.
Note that only the zeroth-order contribution to q · jˆ′q
(i.e. q · jˆq) does not break momentum conservation
by transferring part of the momentum q to the impu-
rity subsystem. Indeed, it can only generate single-pair
excitations of total momentum q which lie inside the
particle-hole continuum. This in turn implies that in
the limit vFq  ω  2εF the only non-vanishing second-
order contribution in the strength of e-imp interactions
to =m[χL(q, ω)] is =m[χj1,xj1,x(qxˆ, ω)]. We find
q · jˆ1,q = [iFˆ1, q · jˆq] = A−1BZ
∑
q′
uq′Υˆq,q′n
(i)
−q′ . (6)
It is clear from Eq. (6) that q · jˆ1,q breaks momentum
conservation, since an amount −q′ is transferred to im-
purities. In the limit vFq  ω  2εF, the operator Υˆq,q′
reads
Υˆq,q′ = −
∑
α=x,y
{
vF
ω2kF
q′xq
′
α +
[
vF
ω2
q · q′
kF
(
3− q
′2
2k2F
)
− q
′2
4vFk3F
]
δα,x
}
jˆq+q′,α
≡ −
∑
α=x,y
Γ(dis)α (q, q
′, ω)jˆq+q′,α . (7)
Taking the low-energy MDF limit we finally obtain
1
τ(q, ω)
= −pie
2nimpω
D0
∑
α,β
∫
d2q
(2pi)2
u2q′Γ
(dis)
α (q, q
′, ω)
× Γ(dis)β (q, q′, ω)=m[χ(0)jαjβ (q + q′, ω)] , (8)
where the average over disorder 〈n(i)q n(i)q′ 〉dis/A =
nimpδq+q′,0 has been taken. Here nimp is the average
impurity density and A is the sample area. Eq. (8) over-
estimates the effect of disorder on the electronic system.
Indeed, when e-e interactions are taken into account, the
bare e-imp potential is weakened. We take into account
screening by replacing in Eq. (8) the longitudinal and
transverse components of the non-interacting current-
current response function χ
(0)
jαjβ
(q + q′, ω) with the RPA
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FIG. 1: (Color online) The disorder-induced DP lifetime
τp(qp) and the transport time τtr are plotted as functions of
the electron density n and for a fixed photon energy ~ωph and
impurity concentration nimp. The solid line refers to τp(qp),
while the dashed line refers to τtr. Different panels refer to
different values of the photon energy and impurity concentra-
tion: in panel a) we have set ~ωph = 112 meV, corresponding
to mid-infrared plasmons, and nimp = 5.8 × 1011 cm−2; in
panel b) ~ωph = 11.2 meV, corresponding to Terahertz plas-
mons, and nimp = 5.8×1010 cm−2. Note the difference in the
scales of horizontal and vertical axes between the two pan-
els. In both panels we have set  = 2.52, corresponding12 to
graphene on SiO2.
current-current response χ
(RPA)
jαjβ
(q + q′, ω). We remind
the reader that the transverse RPA current-current re-
sponse function coincides with the non-interacting one15.
Numerical results.—We now turn to present our main
numerical results for τp(q) ≡ τ(q, ωp(q)) as calculated
from Eq. (8) with χ
(0)
jαjβ
(q + q′, ω) → χ(RPA)jαjβ (q + q′, ω)
and for Rp(q) ≡ R(q, ωp(q))—see Eq. (2). For the sake
of definiteness, we choose uq to be the long-range poten-
tial generated by impurities of unitary charge located on
the graphene sheet, i.e. uq = 2pie
2/(q). The impurity
density nimp is obtained by making sure that the cal-
culated transport time τtr equals the experimental value
given in Ref. 12, i.e. τexp = 260 fs, corresponding to
a mobility µ ∼ 8.000 cm2/(Vs), at a carrier density
n = 8.0 × 1012 cm−2. We remind the reader that in
this experiment  = 2.52. This constraint is satisfied26
with an impurity concentration nimp ' 5.8× 1011 cm−2.
In Fig. 1a) we plot the DP lifetime τp(qp), where
the plasmon wavevector is given by12,14 qp/kF =
[~vF/(2e2)](~ωph/εF)2. The photon energy ~ωph is kept
fixed, i.e. ~ωph = 112 meV, as in Ref. 12. As density
decreases qp/kF increases: filled circles in Fig. 1 refer to
the value of doping such that (qp/kF)max = 0.2. From
42 3 4 5 6 7 8 9 10
n [1012 cm−2 ]
0
0.04
0.08
0.12
0.16
R
a)
Rp
Rtr
2 3 4 5 6 7 8 9 10
n [1012 cm−2 ]
1
2
3
4
R p
/
R t
r
b)
FIG. 2: (Color online) The quantities Rp(qp) and Rtr are
plotted as functions of n and for a fixed ~ωph and nimp. In
panel a) the solid (short-dashed) line refers to Rp(qp) (Rtr)
calculated for ~ωph = 112 meV and nimp = 5.8× 1011 cm−2.
For the sake of comparison, we show the density-independent
experimental value Rexp = 0.08 (dotted line) and Rp(qp)
(long-dashed line) calculated for a larger impurity concen-
tration, nimp = 1.0 × 1012 cm−2, which matches Rexp at
n = 8.0×1012 cm−2. Panel b) illustrates the ratioRp(qp)/Rtr
as a function of n for ~ωph = 112 meV. Note that this ratio is
independent of the impurity concentration and always larger
than unity in the explored range of densities.
this figure we clearly see that the disorder-induced DP
lifetime is of the order of 100 fs for mid-infrared plas-
mons. As a comparison, we plot also the calculated trans-
port time τtr, which is clearly larger than τp. Identifying
τp(qp) with τtr leads to an error of factor ∼ 2− 3 in the
experimentally relevant range of densities. In Fig. 1b) we
show our predictions for the DP lifetime for a photon en-
ergy of ~ωph = 11.2 meV (Terahertz plasmons). In this
case we have fixed nimp = 5.8× 1010 cm−2.
In Fig. 2 we plot the quantity Rp(q) evaluated at
q = qp (at fixed ω = ωph). In the same figure we have also
plotted the dc value defined asRtr ≡ limω→0R(q = 0, ω).
This figure refers to a photon frequency in the mid-
infrared. From panel a), we note that, in the range of
densities explored in Refs. 12,13, the dependence of Rp
on doping is weak. This is in perfect agreement with
the findings of Refs. 12,13. Note that even at carrier
densities as large as 1013 cm−2, Rp is a factor of two
larger than Rtr—see panel b). For n = 8.0× 1012 cm−2
we find Rtr ' 0.02 and Rp ' 0.05. The experimen-
tally measured damping rate is represented by a density-
independent value12, Rexp = 0.08, which is matched (at
n = 8.0 × 1012 cm−2) by Rp calculated for an impurity
concentration of 1.0 × 1012 cm−2. Note also that, since
the memory kernel 1/τ(q, ω) scales linearly with impurity
concentration, the ratio Rp/Rtr is independent of nimp.
Summary and discussion.—In summary, we have pre-
sented a theory of disorder-induced Dirac plasmon losses.
We have carried out numerical calculations for a spe-
cific disorder model, i.e. charged impurities located on
graphene. We have shown that the plasmon lifetime is
substantially shorter than the dc Drude transport time,
even at high carrier densities. The calculated damping
rate qualitatively agrees with the experimental findings
of Refs. 12,13 and differs by less than a factor of two with
respect to the measured value. We stress that the damp-
ing rate calculated on the basis of the dc Drude transport
time is a factor of four smaller than the measured value.
We stress that the remaining discrepancy between the-
ory and experiments may stem from a number of issues.
First, the disorder model we have used (charged impuri-
ties) may not be sufficient. Other important sources of
extrinsic scattering, such as corrugations, resonant scat-
terers, and disorder at the edges, may well explain the
difference. This remains to be studied. We highlight
that scattering of electrons from optical phonons in the
SiO2 substrate gives a damping rate
27 ' 0.02, for ~ωp =
112 meV and n = 8×1012 cm−1. This number, added to
the disorder-induced damping rate at the same photon
energy and carrier density, gives γp ' 0.07, in very good
agreement with the experimental result. Second, our nu-
merical results heavily rely on an input parameter: the
mobility of the samples employed in Ref. 12,13. This
quantity has not been directly measured in Refs. 12,13
but has been inferred from previous measurements on
similarly prepared samples. A concentration of charged
impurities equal to nimp = 1.0× 1012 cm−2, correspond-
ing to a mobility µ ∼ 4.000 cm2/(Vs), givesRp = 0.08, in
perfect agreement with the measured value—see Fig. 2a).
Our calculations strongly suggest that plasmon losses
in current graphene samples12,13 are dominated by dis-
order and that there is plenty of room to increase the
sample purity to reach the intrinsic regime of ultra long
Dirac plasmon lifetimes14.
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